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The Curvature of a
Conformally Flat Manifold

Randy S

Abstract The standard N-dimensional sphere is an example of
a smooth manifold that is curved but conformally flat. This article
calculates the Ricci tensor for an arbitrary N-dimensional conformally
flat manifold with arbitrary signature and then shows that the result
simplifies as expected when the space is maximally symmetric. The
result is used to show that the scalar curvature for a standard sphere

of radius o is N(N — 1)/
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1 Introduction, outline, and notation

A metric is called conformally flat if each point has a neighborhood in which the
components g,, of the metric can be written

Jan(x) = ¥ (1)
in some coordinate system x, where 1, is a flat metric. Without loss of generality,
we can use a coordinate system in which 7, is independent of the coordinates .
This article calculates the scalar curvature of an arbitrary conformally flat metric,
with arbitrary signature and an arbitrary number N of dimensions.

Section |8 will show that the standard metric of the /N-dimensional sphere is
conformally flat. Section [2] will derive the connection coefficients for an arbitrary
conformally flat manifold, and section {4 will use those results to derive the Ricci ten-
sor and scalar curvature. Section [§ will specialize the result to the /N-dimensional
sphere.

Sections [2H4] in which the signature is arbitrary, will use the standard index
notation. Fach index takes values in {1,2,...,N}. The ath coordinate will be
denoted z”, using the superscript as an index (not as an exponent). The partial
derivative with respect to the ath coordinate will be denoted 0,.

The components of the inverse of the metric tensor will be denoted ¢®, and
the components of the inverse of the flat metric tensor n,, in equation will be
denoted n?. The components of the identity matrix will be denoted 6°. A sum
over an index is implied whenever that index appears both as a subscript and as a
superscript in the same term, as in the identities ¢*’gy. = 7%y = §% Sometimes a
symbol like @ or x will be used as an index, because this can help make equations
with several indices easier to parse more quickly.

An index-free notation will be introduced starting in section 5| to streamline the
analysis of maximally symmetric spaces.



cphysics.org article 96560 2023-12-16

2 The connection coefficients

Start with the metric of an arbitrary conformally flat manifold, using a coordi-
nate system in which the flat factor 7,;, is independent of the coordinates x. The
general expression for the connection coefficients id]

1 [ ]
Zb = igc (aagbo + abgao - aogab)- (2)
Use equation ([T to get
Zb = 77“(%%- + Opae — ¢°nab) — ¢a6i§ + ¢b5g - chnab (3)
with
Po = 0u@ " = 0" 0s. (4)
The abbreviation
¢ab = aaabgb (5)

will also be used. Beware that ¢ is defined from ¢, using the flat metric n* instead
of the full metric g®*. The curvature may be calculated efficiently by packaging the
connection coefficients like this:

re=re,de®, (6)
where dx*® is the differential of the coordinate z*. Use in (6 to get
I = ¢, dx" + 0, dp — ¢“ dx, (7)

with dx, = n..dz®.

L Article
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3 Approach to calculating the curvature

The curvature will be calculating using an approach inspired by Cartan’s method.
The relationship between the components of the curvature tensor R,.? and the
connection coefficients may be written

1
dl'y +Tg AT} = §Rx.bcdxx A dx®, (8)

where d is the exterior derivativdﬂ and A is the exterior product or wedge
product.ﬂ The exterior product is antisymmetric, so

fuodx™ Ndx® = %(fx. — fox)dx™ A dx® 9)

for any f,. We can use (8)) as the definition of the curvature tensor, with the
understanding that its first pair of subscripts is antisymmetric. The Ricci tensor
is defined byf]

Ry = Rew®. (10)

The goal in this article is to calculate the scalar curvature
R= gabRab. (11)

For this purpose, we only need the diagonal components of the Ricci tensor, be-
cause we're using a diagonal metric.ﬂ The strategy will be to calculate dI'; and
I'; AT} separately and then to extract each of their contributions to the diagonal
components of the Ricci tensor, without bothering to extract the full curvature
tensor Rgp..

2If w = wedx®, then dw = (Oxwse)dx™ A dx®.

3 Article

4Using the relationship i gives Rap = 068, — 0,18, + T8, — XIS, which agrees with the sign
convention described in articles [03519] and [S0838]

5Section
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4 Calculation of the scalar curvature

This section calculates the scalar curvature of an arbitrary conformally flat metric,
using the coordinate system described in section [I], the results for the connection
coefficients shown in equation (7)), and the strategy described in section [3

Use to get
dl'S = ¢gedx® N\ dx® — ¢y dz® A dz, (12)
Lo AT = ¢ppe dzt N dx® — pe® da® A dxy + ¢°9° dxe A d, (13)
where each index on ¢ denotes a partial derivative, and the indices on ¢ and dx

are raised/lowered using the flat metric 7| Now we can use equations (8)-(10)) and
(12)-(13) to extract the diagonal components of the Ricci tensor. To make this

easier, re-index equations (12))-(13)) like this:
dly = (Ppx e — @S Mpe)dx™ A da®
DS AT} = (1008 — 3o0"0% e + B brpe)d™ A di”.

Compare theseﬂ to equations — to get these results for the contributions of
dl’ and I' AT to the components of the Ricci tensor:

Rab(dr) - (2 - N)¢ab - 770.¢o.77ab
Rp(UAT) = (N = 2)(daPp — 1°° PoPatan)-

(14)

Use these in to get this result for the scalar curvature of an arbitrary confor-
mally flat metric (1)):

R=—¢20°*(2(N — 1)poe + (N — 1)(N — 2)¢obs). (15)

6Section
"Remember to antisymmetrize them first, using the identity @, because the curvature tensor is antisymmetric
in its first pair of subscripts, by definition (article [03519)).
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5 Maximally symmetric spaces

To be concise, this section uses the word space for any smooth manifold equipped
with a metric tensor. The signature of the metric tensor is arbitrary.

This section constructs examples of mazimally symmetric spaces. For such a
space, symmetry implies R, o gap. Section [6] will show that these examples are
conformally flat, and section (7| will check equations by showing that they are
consistent with R, o< g4 in these examples.

A space is called maximally symmetric if it is homogeneous and isotropic [
which meand’| that if z and Z are any two points and v and ¥ are any two tangent
vectors at those points with guv®0” = g,,0%0°, then an isometry exists that maps
x to T and v to v. This section constructs examples of N-dimensional maximally
symmetric spaces with the help of a flat ambient space with N + 1 dimensions.
The fact that the resulting spaces are maximally symmetric is clear from this
construction.

Let (wg, w) be coordinates for the ambient space, with w = (w!, w?, ..., w).
The superscript here is an index, not an exponent. Use the abbreviations

w - W = njwl o W =w-w dw? = dw - dw,

where the sums are over index-values in {1,2,..., N}, and
1 ifj=k
N ’ 16
"Lk {O otherwise. (16)

2

The quantities w? and dw? are not necessarily positive. Take the line element of

the ambient space to be

ds® = € (dwy)* + dw? e = =+1. (17)

8Section 14.1 in Blau (2022) uses a different definition but then shows that it’s equivalent to this one.
9Blau (2022), section 14.1
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The quantity ds? is not necessarily positive.m For any positive real number o > 0,
the set of points whose coordinates satisfy

wi + ew? = o (18)

is an N-dimensional manifold M embedded in the N+ 1-dimensional ambient space.
The induced metric on M is given by solving equation for wy and substituting
the result into (17)).

If N > 2, then the manifold M with this induced metric is an example of a
maximally symmetric space.EfE To deduce this, use the fact that the ambient flat
space is manifestly maximally symmetric, together with the fact that the condition
is invariant under isometries of the ambient space that preserve the origin
(wg,w) = 0. Here’s a familiar example: if ¢ = 1 and all of the signs in are
positive, then M is an N-sphere of radius o. Other examples, like de Sitter and
anti de Sitter spacetime, correspond to other choices of the signs in and .

To get an explicit expression for the metric on M, take the differential of
to get

wo dwy + ew - dw = 0. (19)

Solve this for dwy and substitute into H After some rearranging, the result
may be written

ds3, = dw?* —

(w.dw)2+( o >(W’dw)2. (20)

w2 02 — ew? w2

Section [6] will show that this is conformally flat.

10This abbreviation is common. Example: section 14.4 in Blau (2022), which describes the same construction that
we’re using here.

UBlau (2022), section 14.4

12Tf N = 1, then the space has two disconnected parts if the ambient space has lorentzian signature. The case
N =1 is boring anyway, though, so we don’t lose anything interesting by excluding it.

13The resulting metric is valid only where wy # 0, but thanks to the space’s symmetry, we can use a metric like
this in a neighborhood of any point.
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6 Proof that (20) is conformally flat

This section shows that the line element may be written in the manifestly
conformally flat form

dsi, = b*dx” (21)
with )
o
b= ) 22
1 + ex? (22)

The coordinates x are related to w by
w = bx. (23)

Start with the line element and define new coordinates w by (23)). Think
of b as a function of x2, so

20
b = = x? 24
W= x=x 24)
and use the abbreviation
, d
b = —b.
dx
The definition of w implies
dw = bdx + (2x - dx)b'x. (25)

Use this to get
w - dw = (b + 20'bx?)x - dx,

which gives
(w - dw)?

o (X - dx)2
5 -~

x2

= (b + 2b'x?) (26)

W
Equation also gives

(x - dx)2.

dw® = b* dx* + (4x°V'b + 4(x°V)?) 3

(27)
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Use and to get the satisfying relationship

- dw)? - dx)?
aw? = (dxz . M) | (28)
W X
Now consider the obvious identity
b2 dx? — b2 (dx2 _ M) + bQ(X'—dX)Q.

x2 x2

Use to rewrite the first term, and use to rewrite the second term. This
gives

- dw)? v (w - dw)?
B dx? = dw? — . 29
* v wr (b+2bx%)2  w? (29)
To finish, use to get
A (30)
o

which gives

v v 1 1+ ex?
(b+ 2b'x2)? - (b — eb?x2/0)? - (1 —ebx?/0)? - (1 — ex2)
(1+ex?)? b?(1 + ex?)? 0
(14 ex?)? —2ex2 b2(1 + ex?)? — 2eb>x2 02 — ew?’

Using this in (29) shows that the line element is the same as (21)), as claimed.

10
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7 Ricci tensor of a maximally symmetric space

If g, are the components of the metric tensor of a maximally symmetric space,
then the componentes of the Ricci tensor must bd™]

Rab X Gab-

Section [6] showed that the maximally symmetric spaces that were constructed in
section [p| are conformally flat. Compare equations ([I]) and to get

20
=1
¢ = log - s
This implies
—2€N4ex°®
0,0 =
¢ 1+ ex?

and
—2€eN  ANax e X°

I+ex? (14 ex?)?
Use these in equations to get this result for the components of the Ricci
tensor{’]

aaa“b =

4(N —1)e (N —1)e
vy b =~ Yab-

(1 + ex?) o

This is proportional to the metric tensor, as it should be for a maximally symmetric
space. The scalar curvature is

Rab -

N(N —1)e

R = gabRab = 2

- (31)

14Blau (2022), section 14.2
15Blau (2022), equation (14.19)

11
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8 Application: the standard sphere

The standard metric on an N-dimensional sphere is defined to be the metric that
it inherits from its embedding as a sphere of radius ¢ in N + 1-dimensional flat
euclidean space. This is a special case of the construction in section [5, namely
the case with all +1s in equation and with ¢ = 1 in equations —, SO
equation shows that the scalar curvature of an N-sphere of radius o is

A more familiar form of the line element of a two-dimensional unit sphere is
ds? = d#* + sin? 0 d¢?, (32)

using spherical coordinates 0, ¢. This agrees with (2I)-(22) when N = 2, 0 = 1,
and € = 1. To show this, write x as

sin 0 .
X = m(cos ¢,sin ).
This implies
2

1 2__ 2 33
tx 14 cosé (33)

and | in 6
dx = m(cos ¢,sin ¢)dd + %(— sin ¢, cos ¢)do. (34)

Equation implies
o df? +sin? 6 do?
dx” =
(14 cosh)?
and then equation (33)) implies that the N =2, 0 = 1, e = 1 version of (21))-(22) is
equal to (32).

12
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