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From Topological Spaces
to Smooth Manifolds

Randy S

Abstract A topological space is one with enough structure
for defining continuity. A topological manifold is interme-
diate between a topological space and a smooth manifold. A
smooth manifold is one with enough structure for defining
derivatives. The smooth manifold RN , the set of N -tuples of
real numbers equipped with the standard smooth structure, is
a familiar example from which all others can be constructed
patchwise. This article is a brief reminder of the basic ideas.
For good introductions, I recommend the books by Lee listed
at the end of this article.
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1 Topological spaces and continuity

A topological space is a space on which some notion of continuity is defined. More
precisely: a set X is called a topological space if it comes with a topology, and a
topology is a list of distinguished subsets called open sets with these properties:

• Any union of open sets is also an open set.

• The intersection of any finite number of open sets is also an open set.

• The empty set and X itself are both open sets.

For constructing examples of topological spaces, the concept of a basis is helpful.
A basis for the topology of X is a collection of open sets Bk ⊂ X such that every
other open subset of X can be expressed as a union of Bks. The topology is said
to be generated by the Bks. More vocabulary:

• An element of X is called a point.

• For any point p, an open set containing p is called a neighborhood of p.

• A subset of X is called closed if its complement is open.

Again, a topological space provides enough structure for defining continuity.
Here’s the definition: If X and Y are topological spaces, then a map

X
f // Y

is called continuous if, for each open set O ⊂ Y , the pre-image f−1(O) ⊂ X is
also open. Section 2 shows an example.
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2 Example: the topological space R
Let I(a, b) denote the set of all real numbers x satisfying a < x < b. Let R
denote the set of real numbers with the topology generated by the sets I(a, b)
– that is, declare each interval I(a, b) to be open, along with all other sets that
can be obtained from these by unions and finite intersections. This is the standard
topology of R.

These examples illusrate the definition of continuity:

• The function f(x) = x2 + 1 is continuous. In particular,

– The pre-image of the open set I(5, 10) is the union of I(2, 3) and I(−3,−2),
which is open.

– The pre-image of the open set {x > 0} is R, which is open.

• In contrast, the function

f(x) =

{
x+ 1 if x ≥ 0
x− 1 if x < 0

is not continuous. In particular, the pre-image of the open set {x > 0} is the
set {x ≥ 1}, which is not open: it includes 1 but doesn’t include anything
less than 1, and a union or finite intersection of open intervals I(a, b) cannot
have that property.
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3 Generalization: the topological space RN

Let x denote an N -tuple of real numbers:

x = (x1, x2, ..., xN).

Given an N -tuple y ∈ RN and a positive number R, define the (open) ball B(y,R)
to be the set of all N -tuples x ∈ RN for which

N∑
n=1

(xn − yn)2 < R2.

Intuitively, this is the interior of a ball of radius R centered on the point y.1 The
topological space RN is the set of all N -tuples x, with the topology generated by
the balls, which are themselves taken to be open sets. The example in the previous
section is the special case N = 1.

1 Be careful with this intuition, though, because geometric notions like distance are not defined by topology alone.
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4 Homeomorphisms

A homeomorphism2 is a map3 between two topological spaces that preserves all of
the properties that make them topological spaces. More precisely, if X and Y are
topological spaces, then a homeomorphism is a continuous map f : X → Y with
a continuous inverse f−1 : Y → X. (Calling f−1 the inverse of f means that the
composition of f with f−1, in either order, is the identity map.) If such a map
exists, then X and Y are called homeomorphic or topologically equivalent to
each other.

If two topological spaces are homeomorphic to each other, then they are the
same as far as topology is concerned. They may differ from each other in other
ways, but not in ways that affect the concept of continuity. Here’s an example from
the previous section:4 all of the balls in RN are homeomorphic to each other and
also to RN . They are all equivalent as far as topology is concerned, even though
they are different subsets of RN .

2 Notice the e in homeomorphism. Don’t confuse this with homomorphism (no e), which is a map between
algebraic objects (like groups or rings) that preserves the relevant algebraic structure.

3 The words map and function are often used interchangeably, but sometimes the word function is reserved for a
map into a set of numbers.

4 Lee (2011), page 29, example 2.25
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5 Topological manifolds

A topological manifold is a special kind of topological space, with especially nice
properties. A topological space X is called an N-dimensional topological man-
ifold if it satisfies all of these conditions:

• Every point of X has a neighborhood homeomorphic to RN . (In other words,
X is locally Euclidean.)

• Every two distinct points of X have neighborhoods that don’t intersect each
other. (In other words, X is Hausdorff.) Intuitively, this means that there
are “enough” open sets.

• A countable basis for X exists. (In other words, X is second-countable.)
Intuitively, this means that there are not “too many” open sets.

Basic properties of any N -dimensional topological manifold include:

• Every point is closed.5

• Any open subset is an N -dimensional topological manifold by itself.6

• If a nonempty topological manifold X is homeomorphic to an N -dimensional
topological manifold Y , then X is also N -dimensional.7

• Every topological manifold is homeomorphic to a subset of RN for some suf-
ficiently large N .8

Topological manifolds with boundaries can also be defined, but I won’t review that
here.

5 Lee (2011), page 32, proposition 2.37
6 Lee (2011), page 39, proposition 2.53
7 Lee (2011), page 40, theorem 2.55
8 Lee (2011), page 41
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6 Examples of topological manifolds

The topological space RN described in section 3 is an example of N -dimensional
topological manifold.

Another important example is the (N − 1)-dimensional sphere, denoted SN−1.
Roughly, this is the surface of an N -dimensional ball – just the surface, excluding
the interior.9 More precisely, we can define SN−1 to be the set of points x ∈ RN

satisfying
N∑
n=1

x2
n = 1,

with this topology: every intersection of an open ball B ∈ RN with SN−1 is open,
and the topology of SN−1 is generated by these open sets.10

Another important example is the N -dimensional torus, denoted TN . It can
be defined as the set of N -tuples of real numbers, each of which is in the interval
0 ≤ xn < 1, with a topology that treats 0 and 1 as equivalent (so that the inter-
val “wraps” back into itself instead of having endpoints). To define the topology
precisely, start with the map f : RN → TN defined by

f(x1, ..., xN) = (x1 mod 1, ..., xN mod 1),

and take a subset O ⊂ TN to be open if and only if f−1(O) ⊂ RN is open.11 The
simplest example is the circle T 1, which is homeomorphic to S1. The next simplest
example is the torus T 2, which can be visualized as the surface of a donut/bagel,
excluding the interior. This is not homeomorphic to S2, which can be visualized
as the surface of a 3d ball, excluding the interior.

9 The open ball defined in section 3 is just the interior, excluding the surface.
10 This is a special case of a construct called the subspace topology.
11 This is a special case of a construct called the quotient topology.
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7 Smooth manifolds

Topology provides enough structure for defining continuity, but it doesn’t provide
enough structure for defining derivatives. An N-dimensional smooth manifold
is an N -dimensional topological manifold equipped with a smooth structure,
which is enough extra structure for defining derivatives. The smooth structure is
defined like this:12

• A chart (U, σ) is an open subset U ⊂ M together with a homemorphism
σ from U to an open subset of RN . The subset U is called the domain
of the chart. A chart is often called a coordinate chart, because it labels
the points of its domain with N -tuples of real numbers, which we can use as
coordinates for points within U .

• An atlas is a collection of charts whose domains cover M .

• A smooth structure is defined by an atlas with the property: for any two
charts (U, σ) and (U ′, σ′) in the atlas, the homeomorphism from σ(U ∩ U ′)
to σ′(U ∩ U ′) that we get by composing σ′ with σ−1 has well-defined partial
derivatives (of all orders) with respect to each coordinate xn.

Smooth manifolds with boundaries can also be defined, but I won’t review that
here.

The topological manifold RN can be covered by a single chart, so it’s clearly a
smooth manifold. The sphere SN−1 and the torus TN (section 6) are also smooth
manifolds, with smooth structures inherited from RN .

12 Lee (2013), pages 11-13, after exploiting proposition 1.17
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8 Diffeomorphisms

The appropriate notion of equivalence between topological spaces is homeomor-
phism (section 4). Similarly, the appropriate notion of equivalence between smooth
manifolds is called diffeomorphism.

A smooth map f : X → Y is defined by the condition that every point p ∈ X
is contained in a smooth chart (U, σ), and its image f(p) ∈ Y is contained in a
smooth chart (U ′, σ′) with f(U) ⊆ U ′, such that the composite map

RN σ−1 //X
f // Y σ′ //RN (1)

is smooth. If X and Y are smooth manifolds, a diffeomorphism is a smooth map
f : X → Y with a smooth inverse f−1 : Y → X. If a diffeomorphism X → Y
exists, then X and Y are called diffeomorphic to each other.13

Beware of this subtlety in the definitions: two smooth structures may be distinct
from each other even if they are diffeomorphic to each other.14 Roughly, this is
possible because maps σ in the definition of a smooth structure only need to be
homeomorphisms (smoothly related to each other where they overlap, but with no
smoothness requirement where they don’t overlap), and a non-smooth point in one
of these maps can be compensated by the other stages in the composite map (1) so
that (1) is smooth overall. Here’s an excerpt from pages 39-40 in Lee (2013) that
highlights this subtlety:

...each positive-dimensional manifold admits many distinct smooth
structures as soon as it admits one. A more subtle and interesting ques-
tion is whether a given topological manifold admits smooth structures
that are not diffeomorphic to each other. ... as long as n 6= 4, Rn has a
unique smooth structure (up to diffeomorphism); but R4 has uncount-
ably many distinct smooth structures, no two of which are diffeomorphic
to each other!

13 Lee (2013), pages 34 and 38, and previewed on page 11
14 Lee (2013) demonstrates this in example 1.23 on page 17, which is continued on pages 39-40.
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