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Normal Ordering
and Composite Operators

for Free Scalar Quantum Fields
Randy S

Abstract In quantum field theory, many models can be defined by treating
spacetime as a very fine lattice, but operators that are well-defined on the lat-
tice don’t always remain well-defined in the continuous-spacetime limit. We can
fix this by smearing the operator over a time interval that remains finite in the
continuum limit, but without smearing the best we can do is construct opera-
tors whose n-point correlation functions remain well-defined as long as the points
remain separated from each other in spacetime, even though the operators them-
selves do not remain well-defined as ordinary operators on the Hilbert space. In
a model with no interactions, the construction uses a prescription called nor-
mal ordering, which is a way of modifying the original operator to make its
correlation functions well-defined in the continuum limit. This article introduces
the concept and shows how to efficiently work out explicit expressions for the
normal-ordered versions of arbitrary powers of a free scalar quantum field.
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1 Introduction

Consider the free scalar quantum field in D-dimensional space. Treat space as a
lattice so that the field operator ¢(z) at an individual point = in space is well-
defined as an operator on the Hilbert space.ﬂﬂ If |0) is the vacuum state, then
¢(x)|0) is another state-vector in the Hilbert space. Its norm

(06*(2)[0)
010y @

r

is a finite real number whose value will be estimated in section [7 as a function of
the lattice spacing €. In the continuous-space limit (¢ — 0), the norm r becomes
undefined (r — o0), which implies that ¢(z) is not well-defined as an operator
on the Hilbert space when space is continuous. In contrast, the smeared field

operatoxﬂ

o(f) =€ flxe)p(x)

does remain well-defined if the function f(z,€) approaches a smooth function of
nonzero width as e — 0.

Squaring does not commute with smearing. In particular, even though (¢( f ))2
remains well-defined as an operator on the Hilbert space in the continuous-space
limit, the combination

/ P f(2)¢(x) 2)

(the result of squaring-and-then-smearing ¢(z)) does not. We can improve the be-
havior by subtracting its vacuum expectation value, because the correlation func-

L Article

2In this article, all points are at the same time.

3The sum is over all points in space at a given time.

4In the infinite-volume limit, if the single-particle mass m is zero and space is one-dimensional (D = 1), then the
smeared field operator becomes ill-defined (article [37301)), but it remains well-defined if either m > 0 or D > 2 (or
both).
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tion
(0] (¢*(x) = 7) (¢*(v) = 7)[0)

has a well-defined continuum limit as long as |z —y| > 0. The combination ¢?(z)—r
still doesn’t have a well-defined continuum limit, not even if it’s smeared over a
finite region of spacef] but it is still useful in many contexts where an ultraviolet
cutoff (like the lattice spacing €) is understood to be present. This is an example of
a composite operator. More generally, (renormalized) composite operators are
things whose n-point correlation functions in the vacuum state remain well-defined
in the continuum limit, as long as the points remain separated from each other.ﬂ
The behavior of such correlation functions as any two of the points approach each
other is described by the operator product expansionﬂ

Ou(2)0p(y) ~ ) wip(r —y)Oc(x),
C

where each O, is a (composite) operator and the ws are complex-valued functions.
In general, just subtracting the vacuum expectation value is not sufficient: it is
sufficient for the special case ¢?(x), but not for ¢"(x) when n > 3. To ensure that
n-point correlation functions have well-defined continuum limits when the points
are separated, we can use a prescription called normal ordering. One definition
of mormal ordering refers to the operator product expansion, specifically to the
first nonsingular term in an expansion in powers of |z — y|. That definition is
described in section 6.5 of Di Francesco et al (1997). This article uses another
standard definition, one that refers to creation/annihilation operators instead of to
the operator product expansion. This definition will be introduced in section 2|

5If it’s smeared in time, then it remains well-defined as an operator on the Hilbert space in the continuum limit
(article [10690)).

8 A composite operator is not necessarily well-defined as an operator on the Hilbert space in the continuum limit.
The name operator is used more generally both in physics (where people often don’t precisely define the symbols
that they’re manipulating) and in mathematics (because the elements of a x-algebra — defined in article — are
often called operators even if they’re not represented as linear operators on a Hilbert space).

"The convergence of this expansion in a particular model in four-dimensional spacetime is analyzed in Hollands
et al (2014). Pappadopulo et al (2012) explores its convergence in CFTs (quantum field theories with conformal
symmetry).
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2 Normal ordering

This section gives the general definition of normal ordering that will be used in the
rest of this article.
First, here’s a special case: the normal ordered version of ¢?(x) iﬂ

Oy(w) = ¢*(a) — 7 (3)

with 7 defined by ().
For the general definition, choose a point x in spacetime and use the abbrevia-
tion

Write
p=C+A

where C' is the adjoint of A, and A|0) = 0. Mnemonic: C' is the creation-operator
part of ¢, and A is the annihilation-operator part of ¢. The commutator

N (Ul )
r=[A,C)=AC — CA 00

is a positive real number Y| Define ®,, to be the operator obtained from the formal
expression (C'+ A)" by writing all factors of C' to the left of all factors of A in each
term [T Example:

Oy = C* +2CA + A%,

The goal is to derive an expression for ®,, as a polynomial in ¢. Section 4| will show
a few examples, and section [6] will show another way of writing them.

8The standard notation for the normal-ordered version of O(z) is :O(x):. The non-standard notation used in this
article is meant to make the equations easier to read.

9This is only true in a model without any interactions. This article is limited to free scalar quantum fields.

10Gection |7| estimates the value of this number when D-dimensional space is treated as an infinite lattice.

"The motive for this definition is the fact that ®, (z) (the normal ordered version of ¢"(x)) has well-defined
vacuum correlation functions in the continuum limit, as long as the points are all distinct from each other.
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3 The key identity

The key identity iﬂ

To derive this, start with the obvious identity
¢, =CPppq + Dy 1A+ [A, &y,
which may also be written
9Py = O, + [A, Pppy]. (5)

Now use the identity
[A,C*] = kro™t

to see that [A, - -] acts formally like 7 times the derivative with respect to C":

0
[A,~-~]~r%--~

Use this in () to get (4).

L2Brunetti et al (1996) uses a more general version of this as the definition of normal ordering (definition 5.1 in
that paper), but they express the definition in terms of ¢(x1) - - - ¢(z,,) instead of ¢™(x) because they work directly in
continuous spacetime. Then they define a normal-ordered version of ¢"(f) (they call it a Wick monomial), where
@(f) is the smeared field operator [ f(z)@(z). This is expressed more concisely but less explicitly by equation (7) in
the preprint version of Pinamonti (2008). Their approach is explored further in Hollands and Ruan (2002).
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4 Results

For n = 2, the key identity reduces to

@2:¢2—T’.

For n = 3, the key identity (4] reduces to
(I)g = qbq)g — 27”¢

Use ([f) in the right-hand side to get

3 = ¢ — 3r¢. I

For n = 4, the key identity reduces to

(I)4 = ¢(D3 - 37“(1)2.

Use (6) and (7) in the right-hand side to get

Oy = ¢ — 6r¢” + 3r* = (¢* — 3r)* — 6r°.

Similarly,
Oy = ¢° — 10rd> + 15r%¢

b = ¢° — 15r¢* 4 45r°¢* — 1573
d; = ¢ — 21r¢° 4+ 105129 — 105r3¢

g = ¢° — 28r¢°® 4 210r2¢* — 420r°¢* + 105+°.

2025-10-11
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5 Relationship to Bell polynomials

The Bell polynomial B,(ay, ..., a,) is defined by the condition@

Zn_ a(ag, ... a,)z" = exp <; {2 ) : 9)

n=0
This section shows that ®,, can be written]

®, = By(¢, —,0,...,0). (10)

Use in (9) to get

Z .CIDnz = exp (gbz — 52 ) (11)

which may also be written

(12)

Use the identity

(di>p (6:- 1) - (g) (6= raesp (02 - 122))

to deduce that implies (4.

13The study of relationships like this is called umbral calculus (Roman and Rota (1978)). Some references are
linked in https://ncatlab.org/nlab/show/umbral+calculus,
14This is stated without proof in Ellis et al (2016).


https://ncatlab.org/nlab/show/umbral+calculus
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6 Another way to write the results

The generating function (11]) can also be written

S %@nz” = exp (¢2) exp (—57) (13)

n=0

Expand the right-hand side in powers of z to get

1 ¢t e\ &

Z®4:Z—<§>E+const

1 @0 ™ ¢f 1 /r\2 ¢
=G (5) Gt (5) G +eomst

1 i ™ ¢® 1 r\2¢t 1 /r\3 ¢

ar =g G et E) Toa5) 5 et

and so on. These should be compared to the expressions derived in article [79649
for the eigenfunctions of the linearized renormalization group equations.
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7 Evaluating r

Use the same formulation and notation as article 00980} treating D-dimensional
space as a lattice of infinite size. In the massless version of the model with D > 2]
the constant r defined in sections [ and 2 is

dPp 1
= | G 5w 14

wip) =, (2Sin(ez; : p/2)>2.

k

with

The domain of integration is the Brillouin zone (article [71852)
T
k| < —.
€

Instead of trying to evaluate the integral exactly, this section derives easy
upper and lower bounds. The inequalities

2
—egsin8§9
T

hold for all 0 < 0 < 7/2, which implies

pﬁrégp (15)

_ dp 1 — 2

15For D = 1, the integral is undefined when the lattice has infinite size. Article explains how to modify
the model so that this doesn’t cause any problems.

6 Equation (2.125) in Repko (2016) shows the exact value of the integral when D = 3, but without the factor
of 2(27)P in the denominator. After adjusting for that factor, the result in Repko (2016) gives p ~ 0.189.

With@

10
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The domain of integration is a D-dimensional cube with edge-length 27 /€. Define
po to be the integral with the same integrand but whose domain is the largest sphere

2025-10-11

contained within that cube. Define p; to be the integral with the original domain

of integration but with the integrand replaced by €/(27) wherever |p| > 7 /e. Then

po < p < p1.

(17)

The integrals py and p; are both easy to evaluate. Define 2p by the relationship

= QD /w/epD—ldp
"TenP )y 2

In words, €2p is the D-dimensional version of the “surface area” of the unit sphere.

(Examples: Q9 = 27 and €3 = 47.) Then

 Qp (w/e)P!
= 2nD 2D 1)

and"]
e/ (2m)

p1 = po+ (2m)D ((27T/€)D —Qp (W/E)D) :

D
Combine and to get the final result

When D = 3, this becomes

17The first term in large parentheses is the volume of the cube with edge-length 27 /¢, and the second term is the

volume of the sphere with radius 7 /e.

11



cphysics.org article 23277 2025-10-11

8 References

(Open-access items include links.)

Brunetti et al, 1996. “The Microlocal Spectrum Condition and Wick Polyno-
mials of Free Fields on Curved Spacetimes” Commun Math Phys 180: 633-
652, https://projecteuclid.org/euclid.cmp/1104287458

Di Francesco et al, 1997. Conformal Field Theory. Springer

Ellis et al, 2016. “Complete Normal Ordering 1: Foundations” Nucl. Phys. B
909: 840-879, https://arxiv.org/abs/1512.02604

Hollands and Ruan, 2002. “The State Space of Perturbative Quantum Field
Theory in Curved Spacetimes” Ann. Henri Poincaré 3: 635-657, https:
//1link.springer.com/content/pdf/10.1007/s00023-002-8629-2.pdf

Hollands et al, 2014. “The operator product expansion converges in massless
@i-theory” https://arxiv.org/abs/1411.1785

Pappadopulo et al, 2012. “OPE Convergence in Conformal Field Theory” https:
//arxiv.org/abs/1208.6449

Pinamonti, 2009. “Conformal generally covariant quantum field theory: The
scalar field and its Wick products” Commun. Math. Phys. 288: 1117-1135,
https://arxiv.org/abs/0806.0803v2

Repko, 2016. “Theoretical description of nuclear collective excitations” https:
//arxiv.org/abs/1603.04383

Roman and Rota, 1978. The Unbral Calculus. Academic Press

12


https://projecteuclid.org/euclid.cmp/1104287458
https://arxiv.org/abs/1512.02604
https://link.springer.com/content/pdf/10.1007/s00023-002-8629-2.pdf
https://link.springer.com/content/pdf/10.1007/s00023-002-8629-2.pdf
https://arxiv.org/abs/1411.1785
https://arxiv.org/abs/1208.6449
https://arxiv.org/abs/1208.6449
https://arxiv.org/abs/0806.0803v2
https://arxiv.org/abs/1603.04383
https://arxiv.org/abs/1603.04383

cphysics.org article 23277

9 References in this series

Article 00980 (https://cphysics.org/article/00980):
“The Free Scalar Quantum Field: Vacuum State”

Article 10690 (https://cphysics.org/article/10690):
“Why Does Smearing in Time Work Better Than Smearing in Space?”

Article 37301 (https://cphysics.org/article/37301):
“Free Massless Scalar Quantum Fields”

Article 52890 (https://cphysics.org/article/52890):
“Defining Scalar Quantum Fields on a Spatial Lattice”

Article 71852 (https://cphysics.org/article/71852):
“Treating Space as a Lattice with Discrete Translation Symmetry”

Article 74088 (https://cphysics.org/article/74088):
“Linear Operators on a Hilbert Space”

Article 79649 (https://cphysics.org/article/79649):
“Renormalization Group Flow Near the Trivial Fixed Point”

2025-10-11

13


https://cphysics.org/article/00980
https://cphysics.org/article/10690
https://cphysics.org/article/37301
https://cphysics.org/article/52890
https://cphysics.org/article/71852
https://cphysics.org/article/74088
https://cphysics.org/article/79649

	Introduction
	Normal ordering
	The key identity
	Results
	Relationship to Bell polynomials
	Another way to write the results
	Evaluating r
	References
	References in this series

