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Flat Space and Curved Space

Randy S

Abstract The familiar euclidean geometry of three-

dimensional space is an example of flat space. This

article introduces the concept of curved space, which is

an easy generalization after we change the way we think

about geometry in flat space.
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1 Introduction

Understanding curved space is easier after we change the way we think about
geometry in ordinary flat space:

Think of geometry as something that assigns
a length L(P) to every path P.

We can recover everything else about the geometry from the function L(P). We
don’t need to know in advance whether a path is straight or curved. The function
L(P) is defined for all smooth paths, and it tells us which paths are straight:
Among all the paths from a to b, the one with the minimum length is the one we
call straight.

Sections 2| and (3| explain how the function L(P) can be described concisely.
After we understand how to do this, the generalization from flat space to curved

space is easy (section [L1]).
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2 Three-dimensional flat space

A coordinate system is a way of labeling the points of space: each point of three-
dimensional space is labeled by a triple of real numbers, (z,y, z), varying smoothly
from one point to the next.ﬂ Given a coordinate system, we can specify any path
using three functions
2(N), y(N), () 1)

whose derivatives are not all zero for any value of the parameter A. Different
values of A specify different points along the path, and the functions give the
coordinates of each of those points. The path is called smooth if the functions
have well-defined derivatives. A smooth path does not have any sharp kinks or
discontinuities.

To endow three-dimensional space with geometry, we can specify a line ele-
ment. The line element assigns a length L(P) to every finite path P. For flat
space, the line element defines a function s(\) by

An overhead dot denotes a derivative with respect to A:

. dx
Then the quantity
|s(A2) = s(1)] (4)

defines the length of the given path from A; to A\s. The next section explains why
this works.

'We don’t need to use “axes” to specify a coordinate system. Axes are for drawing graphs, not for formulating
the laws of geometry or physics.
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3 Why it works

To see that equation defines the familiar geometry of flat space, recall the
definition of the derivative:
, . oA+ AN —z(N)
=1 .
Ry e AN

Intuitively, instead of taking the limit A\ — 0, we can think of A\ as a tiny but
nonzero real number. Then the derivative is approximated by a finite difference:

~ BT
AN

T

with
Ax =x(A+ AXN) —z()N).
Use this in to get

(As)* &~ (Az)* + (Ay)* + (Az)”. (5)

We recognize this as the Pythagorean theorem for the given tiny segment of the
path. We can subdivide the path into tiny segments, and then we can calculate the
length of the whole path by summing the lengths of all of these tiny segments, using
for each one. The approach described in the previous section makes this idea
precise, using derivatives to capture the limit A\ — 0 so that the approximation
becomes exact.

The line element is often written like this:ﬂ

ds* = da® + dy* + dz2°. I (6)

This abbreviation can be motivated by thinking of it as the “numerator” of (2),
after canceling the factors of dA? in the “denominator” as explained above.

2The prefix “d” stands for “differential.” Parentheses are implied, so that ds? is an abbreviation for (ds)?.
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4 Generalizations

This can all be generalized in several ways:

e [t can be generalized to D-dimensional space, for any integer D > 1. This
generalization is easy: just use D coordinates instead of 3 coordinates. This
generalization will be introduced in section [9}

e [t can be generalized to curved space. This generalization will be introduced
in section [Tl

e [t can be generalized to spacetime. Then some paths have a length and some
other paths have a duration. The line element specifies both, and it tells us
which paths have which property. This generalization is introduced in article
43968

e We can combine all of these generalizations to describe N-dimensional curved
spacetime. This is introduced in article 48968|

But before we move on to those generalizations, let’s use the special case that was
introduced in section [2| to illustrate some important principles:

e The length of a path is independent of how the path is parameterized by A.
This is explained in section [5

e The same space (flat three-dimensional space in this case) can be described
using different coordinate systems, and the line element looks different in
different coordinate systems. This is explained in sections [6HS]
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5 Reparameterization invariance

The same path can be parameterized in different ways. As an example, consider
the path

z(A) = A
y(A) = 3A (7)
z(A) = M\
and the path
z(A) = A+ N
y(A) =3(A+X°) (8)

z(A) = (A + 232

These are the same path, because we can convert the first one to the second one
just by replacing A with A\ + A3, which is a monotonically increasing function of \.

The fact that they both describe the same path should be obvious. If it doesn’t
seem obvious yet, remember that when we're specifying a path, the parameter A\ is
really just playing the role of an index (which we would often write as a subscript),
even though it’s continuous. When we replace A with A\ + A3, we’re just using a
different way of indexing the same set of points in space.

Since the same path can be parameterized in different ways, we might wonder
if the length defined by equation depends on how the path is parameterized. It
doesn’t. Intuitively, this is because the factors of (AX)? cancel: see section [3, The
length defined by only depends on the path itself, not on on how the path is
parameterized.

We do need to be careful when specifying the endpoints of the path in equation
(). If we change how the path is parameterized, then we change which values of
the parameter correspond to the path’s endpoints. The statement that the length
of the path is independent of the parameterization assumes that the path itself —
including its endpoints — is fixed.
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6 Coordinate invariance

A coordinate system is a way of assigning a unique label to each point of space.
The length of a path does not depend on which coordinate system we use, but the
equation for the length of a path may look different in different coordinate systems.

For an example, consider two-dimensional space. Then equation reduces to

§ =i+ (9)
Define a new coordinate system (X,Y") by

X=xz/(1+v?) Y =y. (10)
We can re-arrange this to get

r=(1+Y)X y=Y. (11)
The chain rule (which should be familiar from calculus) implies

i=(14+Y)X+2XYY j=Y.
Substitute these into (9) to get
F=1+Y)2X?+4XY(1+YHXY + (1+(2XY)?) Y2 (12)

Equation still defines the geometry of flat space. It looks different than (9)
only because it’s expressed in a different coordinate system. Starting with equation
([12)), we can recover (9) by using (10)) to write (X,Y") in terms of (z,y).

Consider the path defined by (z(A),y(X)) = (2A,A) for 0 < A < 1. According
to equation @, the length of this path is v/5. According to equation , the
same path can be described in the other coordinate system as (X(\),Y(\)) =
(2)\/(1 +\2), )\) for 0 < A < 1. According to equation , the length of this path
is v/5. The length of a given path is the same no matter what coordinate system
we use.
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7 Coordinates don’t always cover the whole space

A single coordinate system doesn’t need to cover the whole space. We can use
different (overlapping) coordinate systems to cover different parts of the space.
This section shows an example of a coordinate system that only covers part of the
space.

Start with two-dimensional flat space in the usual coordinate system:

2

§* =% + 97 (13)

For x > 0, define new coordinates X,Y by
r=eX y=Y. (14)

This new coordinate system only covers the half-space x > 0, because as X ranges
over the whole real line (—o00,00), the value of z = e* ranges over the half-line

(0,00). Substitute into to get
¥ =X X2 4Y2 (15)
Or, in differential notation,
ds® = e dX* + dY>.

This is the line element for the half-space x > 0 in the new coordinate system. The
new coordinates are unrestricted (—oo < X < oo and —oo < Y < 00), but they
only cover half of the space.
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8 Example of a useful coordinate transformation

In the example shown in section [6] the relationship between (z,y) and (X,Y) was
one-to-one. This ensures that, in either coordinate system, each point is labeled by
a unique pair of numbers, and each pair of numbers labels a unique point.

Sometimes we may want to use a “coordinate system” in which the relationship
between points and number-pairs is not one-to-one everywhere. If it is one-to-one
within some restricted region of space, then this is still a legimate coordinate system
within that region. An important example in two-dimensional space is the system
of polar coordinates defined by the relationships

x = XcosY
y = XsinY.
Writing r and ¢ instead of X and Y makes this look more familiar:
T =1TCcoso
Yy = rsin ¢.

If we consider only the region of space covered by r > 0 and 0 < ¢ < 27, then this
is a one-to-one relationship, so we can use (7, ¢) as a new coordinate system within
that region. Use the identities

X =1Cc0S¢p— gbrsingb

Yy =rsing + (brcosgb
in equation @ to get _

§ =77+ 17 (16)
Or, in diffential notation,
ds* = dr?* +r*d¢°.

This coordinate system is called polar coordinates. Any coordinate system in
which the length equation has the original form @, or in D-dimensional space,

is called Cartesian coordinates. Most coordinate systems, like the one in section
6, do not have special names.

10
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9 D-dimensional flat space

The generalization to D-dimensional space is easy. Each point of D-dimensional
space can be labeled by a D-tuple of real numbers, (z1,xs,...,zp), each of which
varies smoothly from one point to the next.

Given a coordinate system, we can specify an arbitrary path using D functions

r1(A), 22(A), ..., zp(A) (17)

whose derivatives are not all zero for any A. As before, use an overhead dot to
denote a derivative with respect to A:

Ty = ——. (18)

To define the geometry of flat D-dimensional space, we can use the line element

§P=@t 4 it + 3 (derivative notation)

(19)

ds® = dao? + doi + - - - + d2?, (differential notation)

This generalizes equations and @ Just like , the quantity
‘S()\Q) — S()\l)‘ (20)

defines the length of the part of the path that goes from A; to Ao. In this way,
equation implicitly specifies the geometry of D-dimensional flat space, by
specifying the length of every smooth path.

11
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10 General coordinate transformations

To describe a general coordinate transformation, let (x1,zs,...,xp) denote the old
coordinates of a point, and let (X7, Xo, ..., Xp) denote the new coordinates of the
same point. We can write the old coordinates as functions of the new ones:

I‘n(Xl, XQ, cey XD)7

with one such function for each value of the index n € {1,2,...,D}. We can
abbreviate this function as x,(X). The chain rule gives the identity

ox,, -

iy = X
T Lax;

As before, an overhead dot means an ordinary derivative with respect to A. Sub-
stitute this into to get

5"22 E gijij (21)
J.k
with 9 9
x, 0T,
L= . 22
Jik Zn 0X; 0X; (22)

Equation (21]) can also be written in differential notation like this:

ds’ = gk dX; dX;.
7.k

The coefficients are functions of the coordinates X, but they don’t depend on the
derivatives X. In other words, the coefficients gjr may be different at different
points in space, but they don’t depend on which path we’re considering.

Equations (21))-(22)) imply the existence of a coordinate system in which the
length equation has the simple form (19)). As long as the coefficients have the form
with one-to-one functions z,(X), the geometry defined by is flat.

12
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11 Curved space

Inspired by , let’s write the length equation as

J.k

Ik

from now on. The coefficients g;;(x) are the components of the metric field, also
called the metric tensor or just the metric.

Depending on the coefficients g;;(z), equation (23) may or may not define the
geometry of flat space. It might be the geometry of flat space in a coordinate
system that makes it look more complicated (like equation ([12))), or it might be
something truly different — something that cannot be reduced to equation ((19) no
matter what coordinate system we use. The idea of curved space is that we can
still use equation to define the length of every path as long as the right-hand
side is positive (not zero) whenever at least one of the #; is non-zero. In other
words, the right-hand side should be positive for every path. If the coefficients
gji(x) satisfy this condition, then equation defines a self-consistent geometry.ﬂ
The geometry that it defines may or may not be flat [l

This distinction between flat space and curved space refers to the intrinsic
geometry of the space, which assigns a length to every path. This concept of
curvature doesn’t refer to any embedding of the space into a higher-dimensional
flat space. General theorems about the existence of such embeddings have been
provenﬂ but defining a manifold’s intrinsic geometry does not require any such
embedding.

3A smooth manifold equipped with such a metric is called a Riemannian manifold. Article |48968| considers
metrics that are not positive-definite, in which case the manifold is called pseudo-Riemannian.

4t may be (exactly) flat in some places and not in others. Don’t confuse this with the local flatness theorem
(article , which says that the geometry always looks approzimately flat in a sufficiently small neighborhood of
any given point.

5The Nash embedding theorem says that any Riemannian metric can be induced by embedding the manifold
into a flat space of sufficiently many dimensions (Lee (1997), chapter 5, pages 66-67).

13
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12 Most geometries are not flat

In the original special case (19)), the components of the metric tensor are

1 ifj=k
o= 0 = 24
Jik ik { 0 otherwise. ( )

To see that most geometries are not flat, consider a metric tensor of the form
gin(w) = i1 + € hju(z) + O(”) (25)

with |e|] < 1. The geometry might still be exactly flat even if g;; # 0,,. However,
if it is flat, then we know from section [10] that the coefficients g;; can be written
in the forml OX X

for some set of functions X, (x). Since we're considering only slight deviations
from the obviously-flat case, we can consider a coordinate transformation that only
changes the coordinates slightly. For such a coordinate transformation, we can
write the functions X, (z) as

Xn(z) = 2y + € 2,()
with |e| < 1. This gives

0X,
= 6jn + eﬁjzn,

X ="
aj " (9xj

and using this in gives

git = O + € hjp + O(e?)

6The letters  and X are switched, but otherwise this is the same as equation .

14
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with
hjk = @-zk + 8k2j (27)

Altogether, this shows that if the metric is flat, then the A in (25) can be written
in the form (27)). If the A in (25) cannot be written in this form, then the metric
is not flat.

Given some set of functions h;(z), how do we know if they can be written in
the form (27)? Here’s an easy test. For arbitrary functions z,, the quantities
satisfy

> AujBi 0,05hji = 0 (28)
ab,j.k

whenever A and B are both antisymmetric, which means
Ay = —Aj, By, = —DBia.

The identity is a straightforward consequence of the elementary identities
0,0; = 0;0, and 0,0y, = 0;,0p. If we can find any antisymmetric A and B for which
hji fails to satisty , then the geometry with € # 0 is not flat. The example in
the next section illustrates this.

By the way, the antisymmetrized combinations appearing in the condition (28
are the components of the small-e approximation to the curvature tensor. A
geometry is flat if and only if its curvature tensor is zero.

15
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13 Example of a non-flat space

Use the abbreviation
r? = Z T3
k
and consider the example
gie(z) = (1 + er?)djp.

In other words,
hjk = T25jk-

This gives
0uOphji; = 204501,

Now, choose any two vectors v and w and take
Aaj — Ba] — an] - 'ija.

Then

Z Auj By 0uOphji. = 4(v - v)(w - w) — 4(v - w)?

aﬂbhj’k

2023-11-12

(29)

(30)

with v - w = ), vywy, as usual. We can choose v and w so that v-w = 0 and
v-v=w-w = 1, in which case the quantity is not zero. This proves that the

geometry defined by is not flat if € # 0.

16
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14 A metric tensor is not just a set of components

We can think of g, (x) as the components of the metric field, but a metric field
is not just a collection of components. A metric field defines a map from one set
to another, specifically from the set of world-lines smoothly parameterized by A
to the set of functions s(A) of A\. Both of these sets have coordinate-independent,
definitions, so the metric field is also a coordinate-independent entity: it is a map
from one coordinate-independent set to another. The components g, (x) depend
on which coordinate system we use, but the map does not. In fact, the statement
that the map does not depend on which coordinate system we use tells us how to
transform the components g, () when switching from one coordinate system to
another. This was illustrated in sections [6H8 and [10L

Article explains how to define a metric field (and other tensor fields)
without using coordinates at all.

17
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15 The summation convention

The notation that was used in this article, using subscripts to distinguish the
different coordinates from each other, is sufficient for many purposes. For other
purposes, a different notation is more convenient. Instead of writing the coordinates
index as a subscript, we can write it as a superscript, like this:

a2 aD),

We need to remember that when a coordinate is written as z“, the superscript is
an index, not an exponent.m Partial derivatives with respect to the coordinates are
then abbreviated like this: p

oz’
A subscript is used for 9, because z“ is in the denominator, loosely speaking.

In the (Einstein) summation convention, a sum is implied whenever the
same index appears as both a superscript and subscript in the same term. Example:

0, =

df = da"0, f

with an implied sum over a. This convention is convenient because the combination
dx*0, (with as sum over a) is invariant under coordinate transformations: under a
coordinate transformation x — X, the factors of 0X/0z and 0z/0X cancel each
other. Writing an index as a subscript or superscript conveys which of these two
factors is involved in a coordinate transformation, so the positions of the indices
tell us when such cancellations will occur. Another example:

ds? = gap(x)dz” da?, (31)

with implied sums over a,b. The fact that each index on the right-hand side occurs
both as a subscript and as a superscript tells us that the factors of 0.X/0x and
Ox/0X cancel each other in a coordinate transformation (section [L0)).

"Superscripts are also used for exponents, so we need to pay attention to the context.

18
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