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Conformal Isometries
and the Wave Equation
Randy S

Abstract A conformal isometry is a transformation of spacetime that
leaves the metric invariant up to an overall scale factor that may vary from
one point to the next. This article shows that when N > 2. the classical wave
equation in N-dimensional flat spacetime has symmetries corresponding to all
conformal isometries.
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1 Conformal isometries

Let z = (2°,2',...,2¥"1) denote a point in N-dimensional spacetime]| and write
0, for the partial derivative with respect to x%. For most of this article, spacetime
is taken to be flat, and the components of the metric are

+1 ifa=b,

flab = 0 otherwise.

This includes the Minkowski metric as a special case, but the signature is arbitrary
in this article. Use the abbreviationd’

Ty = Nap 2Y° 0-0= nabﬁaﬁb,

where n® are the components of the inverse metric, which in this case happen to
be the same as the original components 7,;.
In this context, a conformal isometryf]is a diffeomorphismfz — & for which

di - di = Q*(x) dx - d. (1)
Examples®

e A conformal isometry for which 2(x) = 1 is called an (ordinary) isometry.
Poincaré transformations are ordinary isometries in Minkowski spacetime.

e © — Az with A > 0 is called a dilation. In this case, Q(z) = .
e v — z/(x-x)is called an inversion. In this case, Q(z) = 1/(z - x).

When N > 3, all other conformal isometries are generated by these three examples 3

!The superscripts are indices, not exponents.

’I'm using the standard summation convention, with an implied sum over each index that occurs as both a
superscript and subscript in the same term.

3 Article

4In this context, a diffeomorphism is a smooth rearrangement of the points of spacetime (article , but
not necessarily defined at all points in spacetime. The inversion ¢ — x/(z - x) is defined only where x - x # 0.



cphysics.org article 10254 2023-11-12

2 Symmetries of the wave equation

This article is about symmetries of the wave equation
0-0¢(x) =0 (2)

in N-dimensional spacetime, where ¢(x) is a classical scalar field. The goal is to
show that if ¢(x) satisfies the wave equation with N > 2 and if x — Z is any

conformal isometry (equation ), then the field ¢(z) defined b

. . N-2)/2
O(x) = w(a)é (i(x)) wia) = ()™ (3)
also satisfies the wave equation at all points where Z is defined:
8- 0o (z) = 0. (4)

The transformation ¢(z) — ¢(z) defined by equation (3)) is sometimes called a
conformal transformation, but that name is also used for other thingsf| To
avoid equivocation, this article will call it a conformal fieldomorphism[ff| The
goal is to show that if N > 2, then all conformal fieldomorphisms are symmetries
of the wave equationf)

SEquation doesn’t specify the sign of Q(z), but equation assumes the convention Q(x) > 0.

6Appendix D in Wald (1984) uses the name conformal transformation for what many physicists (including this
article) call a Weyl transformation. Section 7.6.2 in Nakahara (1990) uses the name conformal transformation for
what this article calls a conformal isometry.

"This name is not standard. It builds on the name fieldomorphism that article used for a transformation
like ¢(x) — ¢(x) = (&), where z — & is an arbitrary diffeomorphism.

8Section [15| reviews the concept of a Weyl transformation, mainly for the purpose of distinguishing it from what
this article calls a conformal fieldomorphism.

9When N > 3, they are also symmetries of the more general equation 9 - d¢ o< ¢(N+2)/(N=2) " Notice that the
exponent is an integer only if N =4 or N = 6.
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3 Symmetries of the wave equation: examples

Article showed that if z — 7 is any diffeomorphism for which dz-d& = dz-dz,
then the corresponding fieldomorphism is a symmetry of the wave equation. In
this case, the factor w(x) is equal to 1.

The easiest example with w(x) # 1 is the conformal fieldomorphism correspond-
ing to a dilation z — Az with constant scale factor A # 1. The fact that this is a
symmetry of the wave equation should be clear by inspection. The factor w(x) is
still independent of x in this case.

The easiest example in which w(x) is not independent of = is the conformal
fieldomorphism correponding to an inversion x — z/(z - x). In this case, the scale
function in equation (1)) turns out to bd'¥ Q(x) = 1/(z - z), so the transformed field

is ) . | |
o(x) =w(z) P (—) with w(x) = LI (5)

T

This is defined wherever = - x # 0. Straightforward calculation shows that this
function w(x) satisfies

0 0w(x) =0
0 0(w(z)z) =0

wherever z -z # 0. Section [6 will use these properties of w(x) to show that the
transformation ¢(z) — ¢(x) defined by is a symmetry of the wave equation.

10 Ayticle
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4 Composing fieldomorphisms

The composition of two conformal isometries (the result of applying them sequen-
tially) is another conformal isometry. This is clear from the definition (I)). This
section shows that the composition of two conformal fieldomorphisms (|3)) is another
conformal fieldomorphism that agrees with the composition of the corresponding
conformal isometries.

Since we're dealing with two conformal isometries now, we need to use a notation
that distinguishes between them. If we use the operator-like notation

r — 012 r — 09X

for the two conformal isometries, then their composition (the result of applying oy
and then o9) is

T — 019 = 0901 .
These are conformal isometries, so the effect of each one on the line element may
be written

d(ox) - d(o1z) = Q3 (x) dx - da
d(oox) - d(o9x) = Q3(x) dx - da

d(oq017) - d(o901x) = Qiy(7) do - d.

X

Use the first two equations to get

d(O’QO’liﬁ) . d(agala:) = Q%(O’lx) d(O’liE) . d(O'liv)
= Q3(012)Q () dx - du,

which gives this equation for the scale function €25 of the composite transformation:
Qu(l‘) — 92(0'11')91(3}). (6)

Now, for any function ¢(x) and any n € {1,2,12}, define a transformation ¢ — o,,¢
by
0n () = wy(T)P(00T) (7)

6
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with
wn() = (Qu ()22, (8)

as in equation (3)). Equations with n € {1,2} imply
O'QUlgb(ZC) = wl(iC)ngb(O'liL‘) = wl(ZU)LUQ<0'13})¢(0201I),

and comparing this to equation with n = 12 gives
wiz(z) = wa(o1)wi (2), (9)

which is consistent with equations (6)) and (8). This completes the derivation.

This would all still be true if w,(z) = (Qn(x))E for any exponent E, but the
exponent shown in (8) is special because it makes w,(x) satisfy the conditions
and (1I). This is easy to check by direct calculation when o, is the inversion
opx = x/(x - x). The following sections explain how it can be inferred for other
conformal isometries.

The result derived in this section can be expressed using the language of category
theory[!] Conformal isometries may be regarded as the morphisms in a category
with just one object. That one object is the smooth manifold (spacetime) on
which the conformal isometries act. Conformal fieldomorphisms may be regarded
as the morphisms in another category with just one object. That one object is the
set of scalar fields that satisfy the wave equation (wherever they're defined). In
both cases, the composition of two morphisms is another morphism, as required by
the definition of category. By expressing conformal fieldomoprhisms in terms of
conformal isometries, equations define a functor from the conformal-isometries
category to the conformal-fieldomorphisms category. A functor converts morphisms
in one category to morphisms in another category, respecting composition.

HSpivak (2013) and McLarty (1992) are relatively inviting introductions to category theory.
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5 Strategy

The goal is to show that the transformations ¢ — qg defined in equation -
conformal fieldomorphisms — are symmetries of the wave equation (2)) if N > 2.
Here’s an outline:

e Section [0 will show that a conformal fieldomorphism is a symmetry of the
wave equation if w satisfies the conditions

0 0w(x) =0 (10)
0 0(w(zx)t) =0 (11)

wherever it is defined.

e Sections will use a different method, involving the action principle, to
show that a conformal fieldomorphism is a symmetry of the wave equation if

w satisfies the condition E

e Sections |9 will show that if two conformal isometries both satisfy the
conditions —, then so does their Composition.ﬁ

e Sections use that result to show that every conformal isometry satisfies
the conditions - if N > 2. This implies that all of the corresponding
conformal fieldomorphisms are symmetries of the wave equation.

For extra fun, sections [12H14] review how the embedding space formalism can be
used to study conformal ﬁeldomorphisms.@

12This approach doesn’t use the condition explicitly, but it does use the fact that w(z) is defined by equations
and , which the subsequent sections use to show that w satisfies the conditions and .

13 Actually the proof shown here is incomplete, because the composition of two conformal isometries may be defined
everywhere (by continuation) even if the conformal isometries that went into it are not. Example: composing the
inversion x — x/(z - x) with itself gives the identity transformation, which is defined everywhere, in the same sense
that (x - x)/(x - ) = 1. The proof shown here doesn’t include the continuation step.

14 Article uses the embedding space formalism to study conformal isometries (equation )
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6 Direct approach

This section shows that if ¢(x) is any solution of the wave equation (2)), and if w
satisfies the conditions and then the new field ¢(x) defined in is

another solution of the wave equation.
Start with the elementary identities

- 0d(x) = 0 0(w(x)d(#))
= (8- 0w(x))p(2) + 2(dw(x)) - DP(7) + w(x)d - dp(2).  (12)

Use the abbreviation 8, = 9/02" to get

09(2) = (91)0.9(2) (13)

= (0 02")0u(2) + (92°) - 00.0(2)
= (0 02")0u(2) + (92°) - (03)0:0a9(2) (14)
To continue, use the general identity
di® = da’ (9,2 (15)
to see that (1) implies
Ned(0a2) (D) = Q2 (), (16)
which in turn implied'™
(02) - (92") = Q* ()™, (17)

Equation implies
(827) - (82)0,0, = Q*(x)0 - D,

15For the rest of this article, the qualification “wherever the conformal isometry is defined” is understood.

16Ty derive this, let n be the matrix with components 7,5, and let M be the matrix with components M, = 0,4°.
Then equation is MnM™T = Q%n. Take the matrix inverse of both sides and then re-arrange to get M7n~'M =
02%n~1, which is equation .
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and the assumption that ¢(z) satisfies the wave equation (0 - d¢(x) = 0) implies

d - 5¢(§J) = 0 just by relabeling the coordinates, so the last term in equation
is zero. Use these results in to get

0-09(x) = (0 0w () (&) + ["Dad(2) (18)

with
I =2(0w(z)) - (02%) + w(x)(d - 7). (19)

The condition implies that the quantity I'* may also be written
I =09-0(w(x)z®). (20)

Equations and (20) show that ¢(z) satisfies the wave equation if w(z) satisfies
the conditions and (11)).

10
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7 Approach using the action principle

This section shows that if ¢(z) is any solution of the wave equation (2), and if w
satisfies the condition 1) then the new field ¢(z) defined in (3)) is another solution
of the wave equation. In contrast to the approach that was used in section [6], the

approach used here involves only first-order derivatives of the field.
The wave equation can be written aﬂ

5Sl6]
So(r) "
where S[¢)] is the action['y
sie) = [ ¥ (99) (90). (21)

Now suppose that x — 2 is any conformal isometry, not necessarily satisfying the
condition ([10). Section [§] shows that replacing the original scalar field ¢(z) with
the new scalar field has this effect on the action:

~

Slo| = £S5[¢] + /dNa: 0 - (something) — /dN:L‘ ¢*(3)w ()0 - Ow(w). (22)

Adding a total-derivative term to S doesn’t affect the equation of motion (21]), so
the result (22)) implies that if ¢(z) satisfies the wave equation and w satisfies the

condition 1} then ¢(z) also satisfies the wave equation.

17 Article

187'm omitting a conventional but inconsequential overall factor of 1/2.

11
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8 Approach using the action principle: details

To derive , start with
S[9] = / Pz (0(x)) - (00(x)). (23)

Equation gives A
0ad () = w(2)0ud(2) + ¢(2)0uw (),
and using this in gives
S[d] = Si[¢] + Sa[¢] (24)
with
Sil6) = [ d% (@)(06(2)) - (99(2) (25)

and

Sslg] = /de [2w(2)p(2)(09(2)) - (Ow(x)) + ¢*(2) (Ow(x)) - (Ow(x))]
/de 0 (w(z)*(&)0w(z)) — /de ¢*(2)w(2)0 - Ow(w). (26)

To get a more useful expression for Si[¢], use the general identity

~

O = (0,2°) 0k

to write it as

S1l¢] = / o W (2)(027) - (02")(Dub(@)) (Grb (@) (27)
Use in to get
Silé] = / e W (2)92(2) (06(2)) - (96(2)). (28)

12
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The identity implies

dVz
dVr = 7] (29)
where |0Z| is the determinant of the matrix with components 9,2%, and equation
implies
03] = (2*()". (30)
Use (29), (30), and the definition of w in to get
Sil6) == [ 45 (96()) - (90(a)) = £5[6) (31)

Combining (24)), (26)), and gives the promised result (22)).

13
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9 Condition (|10}

As in section [, consider two conformal isometries oy and 9. This section shows
that if wi(z) and ws(z) both satisfy condition (10), then so does wia(z). The
notation here is the same as in section [4} and the abbreviations

o1x é a

T

=>

will also be used.
Equation (9) combined with 9 - dw;(z) = 0 implies
0 - Qwia(x) = 2(8w1(x)) - Ows (1) 4+ wi(x)0 - Ows (o)
= 2(0w () - (02*)Datwa () + wi ()0 - (02 ) wy(Z
= 2(0wy(z)) - (02 )Datwa (&) + wi (x)(D - BZ)Dyws ()
+ wi () (027 - (DY) DyDaws ().

))

Use equation and 0 - 3w2(§:) = 0 to see that the last term is zero, which leaves
8 - Owia(x) = [2(8wi(x)) - (83%) + wi(2)(D - 92")] Duwo()
= [0 0(wi(z)2?) — 20 - Qw1 (x))] Dawo(Z).

The assumption that wi(z) satisfies the conditions and implies that the
quantity in square brackets is zero, so this proves that wys(x) satisfies condition

(10).

14
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10 Condition (|11

This section shows that if wy(x) and we(x) both satisty condition (11)), then so does
wiz(x). More explicitly: if

9 0(wi(z)orz) = 32

0 8(w2(a:)02x) =0, (33)
then

(9 : 8<LU12(ZL')012£E) = 0. (34)

The notation here is the same as in section [Ql
Equation (9) combined with 9 - dw;(z) = 0 implies

9+ 0(wiz(z)(0122)") = 0 - |wa(Z)(022) 0w (2) + w1 (x)0 (wo () (022))]
_py [wQ(;@)(@@)aawl(a:) + wi () (02") b(wz(fc)(aﬂ)“)]

Use equations and in the last term to get

Use 0 - Owi(x) = 0 in the first term to get

9 - 0(wia(z)(0122)") = 0 [wa(2)(022)"] - Owr () + O - [wl(x)((%b)} (%(cuﬂi)(aﬂ)“)

A

= (02%) 9y [wo(2) (022)"] - Owr () + 8 - [wl(x)(&%b)] Oy (wa(2)(022)"),
and use 0 - Ow;(z) = 0 again to get

8 - O(wia(7)(0192)") = Dy(wa(#)(022)?) [0 - D(wi(2)2%)] .

Equation implies that the quantity in square brackets is zero, which proves

(34)-

15
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11 The main result

When N > 3, the group of conformal isometries is generated by ordinary isometries,
dilations, and inversions.ﬁ We already know@ that these transformations satisfy
the conditions and , so the results derived in sections imply that all
conformal isometries correspond — via (3) — to symmetries of the wave equation
when N > 3.

When N = 2, w is independent of x, so the conditions and reduce to
the condition

d0-0r =0. (35)
The line element may be written
dx - dr < du dv
with
u=a"+ v=a"— 2!

if the signature is lorentzian (Minkowski spacetime), or with

="+ izt v=a’ — izt
if the signature is euclidean, where i> = —1. In either case, the condition (35)) may
be written?]

o 0 PR g 0 5= 0

ou Ov oudv

According to sections 2.3 and 2.5 Schottenloher (2008), all conformal isometries
satisfy these conditions when N = 2, so the conclusion of the preceding paragraph
extends to N > 2.

9Section
20Section
21In the euclidean case, 9/0u = 1(89y — i01) and 8/0v = $(dy + i01).

16
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12 A quick review of the embedding space formalism

Article introduces the embedding space formalism, which relates at least
some conformal isometries of the original N-dimensional spacetime M to origin-
preserving ordinary isometries of an (IV + 2)-dimensional spacetime in which M is
embedded.@ This section reviews the idea, and section applies it to the wave
equation.
Consider an (N +2)-dimensional manifold with coordinates X = (X° X1, ..., XV

and Y and Z, where Y and Z are individual real-valued coordinates, and with the
metric defined implicitly by the line element]

dX -dX +dY?* — dZ*. (36)
I'll call this the ambient manifold P/f?”| Let C be the “cone” defined by
X - X+Y*-2%=0, (37)
and let P be the hyperplane defined by
Y+Z=R (38)
for some constant R. We can use
xo
Y=y (39)

as coordinates on the N-dimensional intersection C NP, everywhere except where
Y + 7 = 0. Article shows that the induced metric in this N-dimensional
manifold is conformally equivalent the Minkowski metric dz - dxr and that origin-
preserving ordinary isometries of the ambient manifold correspond to conformal
isometries of the N-dimensional manifold.

2ZWeinberg (2010) describes how tensor fields in Minkowski spacetime can be represented using this formalism.
23 As in the preceding sections, X - X = 1,,X?X? for any quantity X with N components.

24Tt’s also called the embedding space, because the spacetime of interest — Minkowski spacetime — will be
embedded inside it.

25Mnemonic: I'm using uppercase letters for coordinates in the bigger (higher-dimensional) manifold, and lowercase
letters for coordinates in the smaller manifold (Minkowski spacetime).

17
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13 Embedding space and the wave equation

The embedding space formalism can be used to relate the symmetries of the
wave equation in N-dimensional spacetime to ordinary isometries in the (N + 2)-
dimensional embedding space. Let ®(X,Y,Z) be a function that satisfies this
(N + 2)-dimensional version of the wave equation:

Ox - Ox® + 0@ — 93P = 0. (40)

All origin-preserving isometries of correspond to symmetries of equation (40))
in the usual way. To relate these to the symmetries of the wave equation in
N-dimensional Minkowski spacetime, consider functions of the formP

X Y -7
O(X,Y,Z) = (Y + Z) W2/ . 41
Section [14] shows that applying the differential operator
Ox - Ox + 832/ — 8% (42)

to such a function and then imposing the constraints and gives the same
result as applying the differential operator 0, - 0, to

d(z) = R-N+D/2 ¢ (w L ”“"> . (43)

RQ

In particular, if the function satisfies everywhere on C N P, then the
function satisfies the usual wave equation in Minkowski spacetime.

26This is equation (37) in Bars (2000), but beware: that paper uses the same symbol ) for two different things on
the same page. The two different meanings of A are introduced implicitly in equations (26) and (31) of that paper.

18
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14 Embedding space and the wave equation: details

This section shows that applying the differential operator to any function of

the form and then imposing the constraints and (38)) gives the same result
as applying the differential operator 9, - 9, to the function (43)) m

The coordinates X, Y, Z can be written as
Y+ Z=0 Y-Z=p X =o0x

wherever o # 0. This is consistent with (39). Use the generic identity?|

ZdX“—erYaerdZaZ_Zda: i+dpa + do 0, (44)
to infer?’

9,0

6ma_08Xa

o 1

a—p——(@Y—az)

0

8_0_2 aXa aY O2) = @xa aYJ’aZ)

and uses these to infer that the differential operator in (40) may be written
0X-8X+8§—8§:8X-8X+(8y+8z)(6y—8z)

1 0 1,0\ 0
ﬁax'a”‘l(a—a‘; a f”axa> ap

2TThe approach used here is a slight variation of the approach used in Bars (2000), section 4.1.

28This identity holds for any two coordinate systems X,Y, Z and z, p, o, no matter how they’re related to each
other (as long as each one can be written in terms of the other).

29To deduce this, write dX, dY,dZ in terms of dz, dp, do and substitute those expressions for dX,dY,dZ into the
left-hand side of .

19
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Equation (41) may also be written
O = o NI2f(a,p/o).

Any function of this form satisfies

9 1w, 0\ 0 0 1w ,0\1
(%; % axa> T (%5%393 axa> o

with

y=p/o

This is true even if & doesn’t satisfy . On the other hand, any function of the

form satisfies

0p-0uf (1, y) = | 0n - O f(w,y) — —fl(:c y)+ - f2 z,y) Zx o afl z,y)
y=—x-2/R?
with
Ao = 2twy) by = )
1 7y - ay 7y y 8 2 y
According to equations and (38)), points on the intersection C NP satisfy
—x-x
p— R p—
g P R

Use this in the last line of equation to complete the derivation.

20
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15 Weyl invariance

Section [2| defined some symmetries of the wave equation. Those symmetries mix
the scalar field’s values at different points of spacetime with each other in the same
way that conformal isometries mix the points of spacetime itself, and they don’t
transform the metric field at all.

In contrast, a Weyl transformation]| does affect the metric field but doesn’t
mix the fields’ values in different regions with each other:

¢(x) = @ (x)¢() Jan() = Q*(2)gap(2) (46)

where s € R is called the conformal weight of the scalar field. To say anything
about what a Weyl transformation does to the action (or equation of motion) for
a scalar field, we first need to specify how the action depends on the metric field.
One natural choice il

Slg-) = [ 4o Vgl "(@,0)(010) (47)

where g,(x) are the components of a metric tensor, ¢?’(z) are the components of
its inverse, and |g|(z) is its determinant. When N = 2, the action (47)) is invariant
under Weyl transformations with s = O.@ When N # 2, the action is not
invariant under Weyl transformations for any s, but the modified action
! N ab N
Sla.ol = [ % VIl (5 @) @) + 5

) O

is invariant up to a total derivative under Weyl transformations with®P] s =

30 Article [38111

31Section [16| reviews why this choice is natural.

32In more detail: the only part of the integrand affected by this transformation is the metric-dependent factor

lg| g*°, and the transformation leaves this invariant when N = 2.

33Section 22.3 in Blau (2021). Beware that Blau quietly ignores the total-derivative term, acknowledging its
existence only in the text above equation (22.115).

34 Appendix D in Wald (1984) derives this using the equation of motion instead of the action. The equation of
motion is not affected by the total-derivative term that a typical Weyl transformation adds to the action.

21
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(2= N)/2 when N > 2, where R is the Ricci scalar constructed from the cur-
vature tenso@ﬂ This property of is called Weyl invariance or conformal
invariance°| but beware that the names conformal transformation, conformal
mvariance, and conformal symmetry are all overloaded in the physics literature.

A symmetry that doesn’t mix the fields’ values in different regions with each
other is called an internal symmetry, so Weyl invariance is an example of an
internal symmetry.

35This is not related to the constant R in section
36Wald (1984), appendix D

22
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16 General covariance

The action (47)) is a natural choice because it has a property that is sometimes
called general covariance: for any diffeomorphism = — Z, replacing the original
fields ¢(z) and gq(x) with the new fields

~

¢(z) = ¢(2) Gab(%) = gea(#)(0,3°) (952 (49)

leaves the action invariant:

519,90 = Slg, 9]
To derive this, use the identities™|
Dud(@) = (Dud") () §"(x) = g"(2) (Dex") (Daa”) (50)

to get

~

() (0a0(2)) (B0(2)) = g™ (#) (Da0r(2)) (Tp0(2)).
and use the definition of §,,(z) to get

dx /|g(x)] = d¥& /]g(2)].

The modified action has this property, too.

] 9) is G(x) = MG(2)M™. Take
the matrix inverse of both sides to get G~!(x) = (MT)~1G~1(#)M~!. This is the second equation in 1)

37 To derive the second identity, let G(#) and G(z) be the matrices with components gqp(2) and gap(z), respectively.
Let M be the matrix with components Mg, = 0,2°. Then the second equation in

23
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